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     41 Lqwurgxfwlrq
Ehuwudqg dqg Frxuqrw0w|sh prghov duh vwdqgdug wrrov lq lqgxvwuldo rujdql0
}dwlrq/ dqg xvxdoo| |lhog yhu| gl￿huhqw uhvxowv dqg srolf| uhfrpphqgdwlrqv1
Lq dq lpsruwdqw sdshu/ Nuhsv dqg Vfkhlqnpdq +4<;6, +khuhdiwhu uhihuuhg wr
dv NV, vkrz wkdw wkh wzr prghov duh uhodwhg= iru v|pphwulf ￿upv/ d jdph
zlwk d ￿uvw vwdjh lq zklfk ￿upv fkrrvh surgxfwlrq fdsdflwlhv/ iroorzhg e| d
vhfrqg Ehuwudqg frpshwlwlrq vwdjh zlwk dq h!flhqw udwlrqlqj uxoh/ |lhogv wkh
vdph rxwfrph dv wkh fruuhvsrqglqj Frxuqrw jdph1
Krzhyhu/ wklv uhvxow lv txlwh vhqvlwlyh wr wkh dvvxpswlrqv ri wkh prgho1 Iru
h{dpsoh/ dv vkrzq e| Gdylgvrq dqg Ghqhfnhuh +4<;9, dqg Pdgghq +4<<;,/
lw fdq rqo| eh h{whqghg wr pruh jhqhudo udwlrqlqj uxohv li fdsdflw| frvwv duh
kljk hqrxjk1
Pruh sureohpdwlf/ Ghqhfnhuh dqg Nryhqrfn +4<<9, vkrz wkdw wkh NV
uhvxow qr orqjhu krogv li frvwv duh vx!flhqwo| dv|pphwulf lq wkh sulfh frp0
shwlwlrq vwdjh +iurp qrz rq/ zh zloo fdoo glvwulexwlrq frvwv 0 dv glvwlqfw iurp
fdsdflw| frvwv 0 wkrvh frvwv wkdw rqo| ghshqg rq wkh txdqwlw| vrog,1 Lq sdu0
wlfxodu/ lq d NV vhwwlqj zlwk d vxlwdeo| h!flhqw ￿up/ Frxuqrw prghov whqg
wr xqghuhvwlpdwh wkh h!flhqw ￿up*v lqfhqwlyhv wr fkrrvh d fdsdflw| deryh
lwv Frxuqrw ohyho +lq rughu wr sulfh lwv frpshwlwru rxw ri wkh pdunhw lq wkh
iroorzlqj sulfh frpshwlwlrq vxejdph,1
Rqh frxog wkhq wklqn wkdw Frxuqrw prghov vkrxog eh gursshg zkhqhyhu
frvw dv|pphwu| lv dq lpsruwdqw lvvxh1 Ghqhfnhuh dqg Nryhqrfn +4<<9, dqg
Doohq hw do1 +5333, suhvhqw d zd| wr ghdo zlwk wklv sureohp dqg lqghhg
￿qg uhvxowv zklfk gl￿hu iurp prghov xvlqj Frxuqrw0w|sh vxejdphv zkhq
wkh glvwulexwlrq frvwv duh vx!flhqwo| dv|pphwulf1 Krzhyhu/ wkhlu phwkrg lv
txlwh vrsklvwlfdwhg dqg frxog qrw eh lqfrusrudwhg lq prvw prghov zlwkrxw
pdnlqj wkhp lqwudfwdeoh1 Pruhryhu/ wkh NV uhvxow vhhpv wr krog zkhq wkh
glvwulexwlrq frvwv duh qrw wrr dv|pphwulf/ ru zkhq wkh fdsdflw| frvwv duh kljk
hqrxjk1 Frqvhtxhqwo|/ lw lv lpsruwdqw wr xqghuvwdqg xqghu zklfk frqglwlrqv
wkh NV frqfoxvlrqv duh ydolg1
Lq wklv qrwh/ zh h{whqg NV*v pdlq uhvxow e| vkrzlqj wkdw wkh xqltxh
shuihfw htxloleulxp ri d NV jdph zlwk dv|pphwulf fdsdflw| frvwv +dqg qxoo
glvwulexwlrq frvwv, |lhogv wkh fruuhvsrqglqj Frxuqrw rxwfrph1 NV vkrz wkhlu
uhvxow iru dq| htxloleulxp/ qrw mxvw shuihfw htxloleuld/ exw wkh| surylgh d
surri zklfk fdq qrw eh gluhfwo| h{whqghg wr dv|pphwulf fdsdflw| frvwv +lq
sduwlfxodu Vwhsv 5 dqg 6 ri wkhlu surri/ sdjh 669,1 Uhvwulfwlqj rxu dwwhqwlrq
wr shuihfw htxloleuld doorzv xv wr xvh wkhlu ghvfulswlrq ri wkh sulfh frpshwlwlrq
4vxejdph*v htxloleulxp wr ghyhors d vshfl￿f surri kroglqj lq wklv fdvh14
51 Wkh prgho
Lq wklv sdshu/ zh xvh wkh vdph dvvxpswlrqv +dqg qrwdwlrq, dv NV/ exw doorz
iru fdsdflw| frvw dv|pphwu|1 Wzr ￿upv HÅ dqg H2 vlpxowdqhrxvo| vhohfw
wkhlu surgxfwlrq fdsdflw| {Å dqg {2 lq d ￿uvw vwdjh/ dqg wkhq frpshwh lq sulfh
lq d pdunhw iru d krprjhqrxv surgxfw/ lq d vhfrqg vwdjh1 Wkh frqvxphuv*
ghpdqg ixqfwlrq lv G dqg wkh lqyhuvh ghpdqg ixqfwlrq lv S1 Wklv ixqfwlrq S
lv vwulfwo| srvlwlyh/ wzlfh frqwlqxrxvo| gl￿huhqwldeoh/ vwulfwo| ghfuhdvlqj dqg
frqfdyh rq lwv vxssruw/ zklfk lv wdnhq wr eh d erxqghg lqwhuydo df>[￿=
Dw wkh sulfh frpshwlwlrq vwdjh/ ￿upv vhoo txdqwlwlhv dffruglqj wr wkh h!0
flhqw udwlrqlqj uxoh1 Wklv dprxqwv wr dvvxplqj wkdw wkh frqvxphuv zlwk wkh
kljkhvw zloolqjqhvv wr sd| zloo ￿uvw ex| iurp wkh fkhdshu ￿up1 Wkhq/ li wklv
￿up fdqqrw surgxfh xs wr wkh txdqwlw| frqvxphuv duh zloolqj wr ex| dw lwv
sulfh/ wkh uhvlgxdo ghpdqg jrhv wr wkh rwkhu ￿up1 Pruhryhu/ zh dvvxph wkdw
fdsdflw| lv frvwo|1 Ilup l lqfxuv d frvw elE{l￿ wr vhw xs d fdsdflw| {l1 Hdfk
frvw ixqfwlrq el lv dvvxphg wr eh frqyh{/ wzlfh0frqwlqxrxvo| gl￿huhqwldeoh/
dqg vxfk wkdw SEf￿ A elEf￿ A f=
Wkh dvvxpswlrqv rq S dqg el hqvxuh wkdw d Frxuqrw jdph zlwk lqyhuvh
ghpdqg S dqg frvwv el +uhvs1 qxoo frvwv, kdv d xqltxh htxloleulxp wkdw zh
zloo ghqrwh E{W
Å>{W
2￿ +uhvs1 E{W>{W￿,1 Ohw uelE=￿ +uhvs1 uE=￿, ghqrwh wkh Frxuqrw
ehvw0uhvsrqvh ixqfwlrq iru d ￿up zlwk frvw el +uhvs1 qxoo frvwv,1 Wkh ixqfwlrq
U/ gh￿qhg e| UEt￿ ￿ uEt￿SEt n uEt￿￿/ lv wkh sur￿w d ￿up zlwk qxoo frvwv
rewdlqv lq wkh Frxuqrw jdph li lw uhdfwv rswlpdoo| wr wkh rwkhu ￿up*v fkrlfh
ri txdqwlw| t1
61 Wkh uhvxow
Wkh rqo| gl￿huhqfh zlwk NV*v prgho lv wkdw wkh fdsdflw| frvw ixqfwlrqv qhhg
qrw eh wkh vdph iru erwk ￿upv1 Frqvhtxhqwo|/ zh fdq xvh NV*v ghvfulswlrq
ri wkh vxejdph htxloleulxp ri wkh sulfh0vhwwlqj vwdjh dv d ixqfwlrq ri wkh
surgxfwlrq fdsdflwlhv fkrvhq lq wkh ￿uvw vwdjh=
Ohppd 4 +Nuhsv0Vfkhlqnpdq, Wkhuh lv d xqltxh Qdvk htxloleulxp +srvvleo|
lq pl{hg vwudwhjlhv, ri wkh sulfh frpshwlwlrq vxejdph/ dqg=
4Qrwh wkdw lq wkh sduwlfxodu fdvh ri frqvwdqw pdujlqdo fdsdflw| frvwv/ dqg xqghu voljkwo|
gl￿huhqw dvvxpswlrqv/ rxu uhvxow frxog dovr eh ghgxfhg iurp Doohq hw do +5333,1
5{4 {4
{5 {5
Uhjlrq L Uhjlrq L
Uhjlrq LLD Uhjlrq LLD




￿ Lq Uhjlrq L +zkhuh {Å ￿ uE{2￿ dqg {2 ￿ uE{Å￿,/ erwk ￿upv fkrrvh wkh
vdph sulfh SE{Å n {2￿ dw wkh htxloleulxp/ dqg ￿up l*v sur￿w htxdov
￿
s
lE{Å>{2￿ ' {lSE{Å n {2￿ ￿ elE{l￿=




ÅE{Å>{2￿ ' UE{2￿ ￿ eÅE{Å￿ dqg ￿
s
2E{Å>{2￿ ' s{2 ￿ e2E{2￿>
zkhuh s lv wkh vpdoohvw vroxwlrq ri s '
UE{2￿
4￿?d{Å>GEs￿o1




2E{Å>{2￿ ' UE{Å￿ ￿ e2E{2￿ dqg ￿
s
ÅE{Å>{2￿ ' s{Å ￿ eÅE{Å￿>
zkhuh s lv wkh vpdoohvw vroxwlrq ri s '
UE{Å￿
4￿?d{2>GEs￿o=
Iluvw/ qrwh wkdw E{W
Å>{W
2￿> wkh htxloleulxp ri wkh Frxuqrw jdph zlwk frvwv
eÅ dqg e2> ehorqjv wr Uhjlrq L1 Lqghhg/ lw lv fohdu wkdw wkh Frxuqrw ehvw0
6uhvsrqvh ixqfwlrqv zlwk frvwv eÅ dqg e2/ ueÅE=￿ dqg ue2E=￿/ duh vxfk wkdw uE{￿ ￿
uelE{￿/ iru dq| {1
Lqwhuhvwlqjo|/ li wkh ￿upv* fdsdflwlhv E{Å>{2￿ ehorqj wr L/ wkh ￿upv* sur￿wv
duh wkh vdph dv Frxuqrw sur￿wv +frqvlghulqj fdsdflwlhv lqvwhdg ri txdqwlwlhv,/
dqg ￿upv wkxv kdyh lqfhqwlyhv wr ehkdyh orfdoo| dv lq d Frxuqrw prgho1
Wkxv/ li wkhuh lv d shuihfw htxloleulxp zlwk fdsdflwlhv lq Uhjlrq L/ wkhq wkhvh
fdsdflwlhv pxvw htxdo E{W
Å>{W
2￿15
Li wkh ￿upv* fdsdflwlhv E{Å>{2￿ ehorqj wr Uhjlrq LLE/ wkh ￿up zlwk wkh
kljkhvw fdsdflw|/ ￿up 2/ uhfhlyhv h{dfwo| wkh vdph h{shfwhg uhyhqxh UE{Å￿
zkdwhyhu lwv fdsdflw| {21 Wkxv/ wkh lqwhulru ri wkh Uhjlrq LLE fdq eh wkrxjkw
ri dv dq duhd zkhuh ￿up 2 ryhulqyhvwv lq fdsdflw| wkdw grhv qrw lqfuhdvh lwv
uhyhqxh1 Dv fdsdflw| lv frvwo|/ lw lv fohdu wkdw ￿up 2 kdv qr lqfhqwlyh wr
fkrrvh d fdsdflw| lqvlgh Uhjlrq LLE1 Wkh vdph lv wuxh iru ￿up Å lq Uhjlrq
LLD1
Wklv suryhv wkdw li zh kdyh d shuihfw htxloleulxp/ lw pxvw hlwkhu lqyroyh
fdsdflwlhv E{W
Å>{W
2￿> ru fdsdflwlhv rq wkh iurqwlhu ehwzhhq Uhjlrq LLD dqg LLE
+lqfoxghg lq wkh olqh {2 ' {Å,1 Lq idfw/ lw lv hdv| wr uxoh rxw wkh vhfrqg rswlrq=
Ohppd 5 Dq| shuihfw htxloleulxp ri wkh jdph lqyroyhv fdsdflwlhv E{W
Å>{W
2￿=
Surri1 Frqvlghu wkdw ￿up Å kdv fkrvhq d jlyhq fdsdflw| h {Å A {W1 Li ￿up 2
fkrrvhv d fdsdflw| {2 ' h {Å/ wkhq lwv sur￿w UE h {Å￿￿e2E{2￿ lv htxdo wr {2
i {ÅUE{2￿￿
e2E{2￿1 Qrz/ li ￿up 2 ghflghv wr fkrrvh d voljkwo| orzhu fdsdflw| {￿
2 ' h {Å￿%/
vr wkdw E h {Å>{￿
2￿ ehorqjv wr Uhjlrq LLD exw vwloo yhul￿hv {￿
2 A {W +zklfk lv
wkh fdvh dw ohdvw orfdoo| iru vpdoo %,/ wkhq ￿up 2 uhfhlyhv d sur￿w htxdo wr
s{￿
2 ￿ e2E{￿





2￿16 NV kdyh vkrzq +sdjh







i {ÅUE{2￿ ￿ e2E{2￿17
Wkxv/ wkhuh fdq qr shuihfw htxloleulxp zlwk fdsdflwlhv rq wkh iurqwlhu ehwzhhq
Uhjlrq LLD dqg LLE1
5Lqghhg/ xqghu rxu dvvxpswlrqv wkh ixqfwlrq {lS+{4 . {5, ￿ el+{l, lv frqfdyh lq {l1
Wklv lpsolhv wkdw iru d jlyhq fdsdflw| ri ￿up m> dqg dv orqj dv +{4>{5, ehorqjv wr Uhjlrq
L/ ￿up l*v sur￿w lv lqfuhdvlqj zkhq {l jhwv forvhu wr uel+{m,1 Vr/ li +{4>{5, 9@ +{￿
4>{￿
5,> dw
ohdvw rqh ri wkh ￿upv fdq lpsuryh lwv sur￿w e| fkrrvlqj dqrwkhu fdsdflw| lq Uhjlrq L1
6Qrwh wkdw s @
U+{5,






s / ru htxlydohqwo| s ￿
U+{5,
{4 =
7Vlqfh u lv vwulfwo| ghfuhdvlqj/ {5 A {￿ lpsolhv wkdw u+{5, ? u+{￿, @ {￿ ? {5=
7Zkhq Frxuqrw fdsdflwlhv E{W
Å>{W
2￿ ehorqj wr wkh wklug txdgudqw uhodwlyh
wr E{W>{W￿/ dv lv wkh fdvh zkhq fdsdflw| frvwv duh v|pphwulf/ wkh h{lvwhqfh
ri d xqltxh shuihfw htxloleulxp lv reylrxv1 Frqvlghulqj ￿up 2*v vlwxdwlrq
iru h{dpsoh/ dv {W
Å ￿ {W/ srvvleoh ghyldwlrqv iurp E{W
Å>{W
2￿ hlwkhu uhpdlq lq
Uhjlrq L/ zkhuh wkh ￿upv kdyh lqfhqwlyhv wr ehkdyh dv Frxuqrw frpshwlwruv/
ru ohdg wr Uhjlrq LLE/ lq zklfk zh kdyh vhhq deryh wkdw ￿up 2 kdg qr lqwhuhvw
wr fkrrvh lwv fdsdflw|1
Wkh uhdvrq zk| rxu uhvxow lv qrw reylrxv iru dv|pphwulf fdsdflw| frvwv
lv wkdw/ zkhq {W
Å A {W/ li ￿up Å fkrrvhv fdsdflw| {W
Å/ wkhq dffruglqj wr ￿up
2*v fkrlfh ri {2/ fdsdflwlhv E{W
Å>{2￿ pd| olh lq Uhjlrqv L ru LLE dv ehiruh/ exw
dovr lq Uhjlrq LLD +vhh Iljxuh 5 ehorz,1 Lq wklv uhjlrq/ lw lv qrw fohdu/ d
sulrul/ zkhwkhu ￿up 2*v sur￿w lv orzhu wkdq zlwk {2 ' {W
2 ru qrw1 Sursrvlwlrq
￿ vkrzv wkdw wklv lv wkh fdvh dqg wkxv suryhv rxu uhvxow1
Sursrvlwlrq 6 Wkhuh lv d xqltxh shuihfw htxloleulxp lq wklv jdph1 Lq wkh
htxloleulxp sdwk/ ￿upv fkrrvh surgxfwlrq fdsdflwlhv htxdo wr vwdqgdug Frxuqrw
txdqwlwlhv E{W
Å>{W
2￿>wkhq srvw d sulfh htxdo wr SE{W
Å n {W
2￿/ dqg uhfhlyh wkh
Frxuqrw sur￿wv1
Surri1 Vxssrvh wkdw {W




2￿ ￿ uEf￿> zkdwhyhu fdsdflw| {2 ￿up 2 fkrrvhv lq Uhjlrq
LLD/ ￿up 2*v sur￿w zloo eh htxdo wr ￿
s
2E{W




e2E{2￿1 Lqghhg/ wkhuh h{lvwv d srvlwlyh qxpehu O vxfk wkdw wkh ixqfwlrq iEs￿ ￿
s4￿?d{W
Å>GEs￿o lqfuhdvhv rq df>Oo> ghfuhdvhv rq dO>SEf￿o dqg htxdov s{W
Å rq





' UE{2￿ lv wkh vroxwlrq
ri s{W
Å ' UE{2￿18


























8Wkh ghpdqg iru wkh sulfh S+u+3,,> zklfk pd{lpl}hv sG+s,> lv htxdo wr u+3,> dqg wklv
ghpdqg u+3, lv kljkhu wkdq {￿
4= Frqvhtxhqwo|/ i+s, lv ￿uvw lqfuhdvlqj dqg htxdo wr s{￿
4/

















Uhjlrq L Uhjlrq L
Uhjlrq LLD Uhjlrq LLD









e5 +{5, {4 @u￿4
e5 +{5,





















Dv wkh ghulydwlyh ri ￿up 2*v Frxuqrw sur￿w zlwk uhvshfw wr {2/ SE{2 n {Å￿ n
{2S￿E{2 n {Å￿ ￿ e￿
2E{2￿/ lv qrq0srvlwlyh zkhq {2 ￿ ue2E{Å￿> dqg dv {2 ￿








Frqvhtxhqwo|/ dv ￿up 2*v sur￿w ixqfwlrq lv frqwlqxrxv rq lwv fdsdflw| {2/
lwv ehvw uhvsrqvh wr {W
Å lv lq Uhjlrq L dqg lv wkhuhiruh {W
2=
9Lqghhg/ li {5 ￿ {￿
5> wkhq u￿4
e5 +{5, ￿ u+{5,> dv wkh fruuhvsrqglqj sduw ri wkh %orqj0uxq%
Frxuqrw fxuyh {4 @ u￿4
e5 +{5, olhv lq Uhjlrq L1 Wklv suryhv wkdw {5 ￿ ue5+u+{5,,/ vlqfh ue5
lv ghfuhdvlqj1
9D v|pphwulf dujxphqw iru ￿up Å frqfoxghv wkh surri1
71 Frqfoxglqj Uhpdunv
Wklv sursrvlwlrq h{whqgv wkh qxpehu ri vlwxdwlrqv lq zklfk d Frxuqrw prgho
pd| eh vhhq dv dssursuldwh1 Dv vkrzq e| Ghqhfnhuh dqg Nryhqrfn +4<<9,/
NV*v uhvxow grhv qrw krog zkhq glvwulexwlrq frvwv duh dv|pphwulf hqrxjk/
vlqfh zkhq dq lqh!flhqw ￿up fkrrvhv lwv Frxuqrw fdsdflw|/ wkh h!flhqw ￿up
pd| kdyh dq lqfhqwlyh wr fkrrvh d fdsdflw| deryh lwv Frxuqrw fdsdflw| dqg
wkhq  rrg wkh pdunhw lq wkh sulfh frpshwlwlrq vwdjh1 Wklv lv qr orqjhu
d sureohp zkhq glvwulexwlrq frvwv duh v|pphwulf dw wkh sulfh frpshwlwlrq
vwdjh dqg fdsdflw| frvwv duh dv|pphwulf1
Rqh ri wkh pdlq ihdwxuhv uhsruwhg wr vxssruw wkh xvh ri Frxuqrw iru lqgxv0
wulhv zlwk v|pphwulf ￿upv lv wkdw wkh sulfhv duh hdv| wr dgmxvw dv frpsduhg
wr wkh surgxfwlrq fdsdflwlhv1 Yhu|0hdvlo|0dgmxvwhg sulfhv xvxdoo| phdqv wkdw
prvw ri wkh frvwv duh vxqn dw wkh sulfh0vhwwlqj vwdjh/ vr wkdw wkh uhpdlqlqj
frvwv duh idluo| v|pphwulf dw wklv srlqw1 Frqvhtxhqwo|/ wklv qrwh frqyh|v d
vlplodu phvvdjh iru lqgxvwulhv zlwk dv|pphwulf ￿upv1
Uhihuhqfhv
Doohq/ E1/ U1 Ghqhfnhuh/ W1 Idlwk/ dqg G1 Nryhqrfn +5333,￿Fdsdflw|suhfrp0
plwphqw dv d eduulhu wr hqwu|= D Ehuwudqg0Hgjhzruwk dssurdfk￿ Hfrqrplf
Wkhru| 48/ 83408631
Gdylgvrq/ F1/ dqg U1 Ghqhfnhuh +4<;9, ￿Orqj0uxq frpshwlwlrq lq fdsdflw|/
vkruw0uxq1 frpshwlwlrq lq sulfh/ dqg wkh Frxuqrw prgho￿ UDQG Mrxuqdo ri
Hfrqrplfv 4:/ 73707481
Ghqhfnhuh/ U1/ dqg G1 Nryhqrfn +4<<9, ￿Ehuwudqg0Hgjhzruwk gxrsro| zlwk
xqlw frvw dv|pphwu|￿ Hfrqrplf Wkhru| ;/ 40581
Nuhsv/ G1/ dqg M1 Vfkhlqnpdq +4<;6,￿Txdqwlw| suh0frpplwphqw dqg Ehuwudqg
frpshwlwlrq |lhog Frxuqrw rxwfrphv￿ Ehoo Mrxuqdo ri Hfrqrplfv 47/ 65906:1
Pdgghq/ S1 +4<<;, ￿Hodvwlf ghpdqg/ vxqn frvwv dqg wkh Nuhsv0Vfkhlqnpdq
h{whqvlrq ri wkh Frxuqrw prgho￿ Hfrqrplf Wkhru| 45/ 4<<05451
: